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Recursive Attitude Determination from Vector Observations:
Euler Angle Estimation

I.Y. Bar-Itzhack* and M. Idanf
fechnion—Israel Institute of Technology, Haifa, Israel

This work presents an algorithm that processes a sequence of pairs of measured vectors to obtain a minimum
variance estimate of the Euler angles which describe the attitude between two coordinate systems. The measure-
ment equation is nonlinear and, unlike the direction cosine matrix and the quaternion estimation problems, the
dynamics of the estimated angles are nonlinear as well. The algorithm can also handle singular cases, thus
extending the use of Euler angles to all-attitude vehicles. Results of Monte-Carlo simulations are presented that
demonstrate the efficiency of the algorithm. This work is a natural extension of the algorithms that were recently
developed for estimating the direction cosine matrix and the quaternion, therefore it completes the set of recur-
sive minimum variance algorithms for estimating the three common forms of expressing attitude.

I. Introduction

ATTITUDE determination is an important element in
guidance and control of flight vehicles. The three basic

representations of attitude are Euler angles, direction cosine
matrices (DCM), and quaternions. These representations ex-
press the orientation of a coordinate system fixed in the
body (body system) with respect to some reference coor-
dinate system (reference system). There are cases in which
the orientation has to be extracted from the measurement of
vectors in the two coordinate systems. That is, a sequence of
vectors is measured both in the body and in the reference
systems and the attitude has to be computed from the
measured data. Typical cases where this problem arises are
space missions such as the Small Astronomy Satellite,
Seasat, Atmospheric Explorer Missions, and Magsat.1
Another example is the Solar Maximum Mission spacecraft
that used two fixed-head star trackers and a fine pointing
sun sensor to measure vectors in body coordinates.2 The
same vectors can be computed in orbit-fixed coordinates us-
ing position information. The latter can be viewed as
measurements in the reference (orbit-fixed) coordinate
system.

In the past, attention was given to the direct computation
of either the DCM or the quaternion from vector
measurements but not to that of the Euler angles. A purely
deterministic approach to the DCM computation was con-
sidered by Lerner3 and Shuster and Oh.1 Batch least square
fitting4'5 and recursive least squares filtering6 were also ap-
plied to the computation of the DCM. The latest natural ex-
tension to this work was a derivation of a recursive
minimum variance algorithm7 which used a Kalman filter
and an identification method to compute the DCM. Few
researchers selected the quaternion to determine the attitude
from vector measurements. Batch weighted least square fit-
ting1'8 and recursive methods9"11 were used to compute the
quaternion.

Until now, very little attention was given to the computa-
tion of the Euler angles directly from vector measurements
and in cases where this was done,12'13 the solution was an ad
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hoc solution to satellite attitude determination which in-
cluded satellite dynamics. The reason for that is, perhaps,
the fact that the use of Euler angles for attitude tracking is
hampered by possible singularities. In many cases, though,
the vehicle is not an all-attitude vehicle (e.g., passenger and
cargo planes, helicopters, roll stabilized missile, etc.) Conse-
quently, no singularity is encountered when using Euler
angles to compute the attitude from rate measurements. A
typical example is a roll-stabilized sea-launched missile
whose attitude is computed continuously during the mission
using rate measurements to solve the Euler angle differential
equations. The use of Euler angles is advantageous since the
steering commands are explicit functions of the vehicle Euler
angles. During the initial alignment phase, the angular
velocity vector of the missile is measured in body coordinates
by the missile's own gyros. The same angular velocity vector
is also measured by other gyros in the ship-fixed coordinate
system. The initial Euler angles have to be computed, then,
from vector measurements in two different coordinate
systems. Although Euler angles are used only in attitude-
limited vehicles, no singularity is encountered even in all-
attitude vehicles in the instantaneous determination of the at-
titude, even when Euler angle representation is used to ex-
press the orientation. Singularity arises only in the solution
of the differential equations which describe the time history
of the Euler angles. Therefore^ depending on the required ac-
curacy and availability of vector observations, Euler angles
may be used in certain cases even in all-attitude vehicles.
This point will be demonstrated later.

It should be noted that, typically, when dealing with at-
titude determination from vector observations, two
algorithms are involved. The first algorithm is a numerical
solution of the differential equations that describe the rate of
change of the attitude parameters (e.g., direction cosines,
quaternion, Euler angles). The second algorithm is the
estimator that yields an instantaneous estimate of the at-
titude parameters based on external measurements which, in
the present case, are vectors measured in two coordinate
systems. The decision as to which parameters are to be used
in the second algorithm—that is, the decision whether to
estimate the direction cosines, quaternion, or the Euler
angles which describe the attitude of the vehicle—is not un-
coupled from the first algorithm. In fact, the choice of the
attitude parameters of the first algorithm practically dictates
the parametets to be estimated. This stems from the fact that
the estimator needs to compute certain matrices whose en-
tries are computed by the first algorithm for its own use.
Thus, if Euler angles are used continuously to compute the



MARCH-APRIL 1987 EULER ANGLE ESTIMATION 153

attitude of the vehicle from gyro measurements, it is very in-
efficient to use parameters other than Eujer angles in the
estimator.

In the present work we develop an extended Kalman filter
algorithm for determining the attitude by Euler angles di-
rectly from vector measurements. It is a natural extension of
the work reported in Refs. 7 and 10 and completes the set of
recursive minimum variance algorithms for computing the
corresponding three common forms of expressing attitude.
This, in fact, is the main purpose of the present work;
however, in view of the foregoing discussion, the results of
this work certainly have a practical merit top.

The problem that is treated in this work is presented in
Sec. II. A modified version of the extended Kalnian filter for
solving the problem is developed in Sec. III. Section IV
presents results of Monte-Carlo simulation runs for static
and dynamic cases as well as for a nearly singular case. The
conclusions drawn from this work are summarized in Sec. V.

II. Problem Statement
Let v denote the body fixed coordinate system and let u

denote the reference system. Let a denote the three Euler
angles \l/> B, and <£, assembled into one column matrix; that
is,

«r=[M*l (1)

where T denotes the transpose. These Euler angles describe
the attitude of the body with respect to the reference coor-
dinate system where the order of rotation is chosen to be z,
y, and x. Let D denote the DCM that transforms vectors
from u to v. Obviously, D is a function of a, denoted by
D(<x). A sequence of vectors r/ /= 1,2,... ,N is measured both
in u and in v. The measurements in system u result in the se-
quence u( i- 1,2,..., N of column matrices; whereas in system
v, the measurements result in the corresponding sequence v,
/=1,2,...,7V. The column matrices ut and v^R3. We wish to
compute a, the minimum variance estimate of a.

III. Problem Solution
We use a recursive estimation process to estimate a. Let

uo,i anc* denote the correct values of v/, «/, and, ,
the DCM, respectively, at this instant. Certainly

The measurements u /+1 and v/+1 can be written as

(2)

(3)

v/+ i=v 0 , / + 1+/? y j / + 1 (4)

where nu and nv are the zero mean measurement noise vec-
tors, which, for simplicity, are assumed to be white, and
their respective covariance matrices Ru>i+\ and RVti+i are
known. When n are not white but can be expressed as an
output of a linear system driven by white noise, the problem
can still be handled using standard techniques.14'15 (We pur-
posely do not assume a particular set of measuring devices in
order not to limit the scope of this work. The general treat-
ment presented here can, of course, be adopted to a par-
ticular system using those standard techniques.) Let us ex-
press ai+i as

(5)

that is, a/+1 is expressed as the sum of our estimate of ot at
the (i+ l)st stage based on past measurements (up to and in-
cluding the jfth measurement) and a difference 6a/+1 between
the true value of a. and its estimate. At this stage we wish to

use the (/ + l)st measurement given by Eqs. (3) and (4) to
estimate dot and add the estimate to a/+1// to obtain the up-
dated estimate of a, which we denote by a/+1//+1. To meet
this end, substitute Eqs. (3-5) into Eq. (2) to obtain

(6)

Next, expand D(ai+l/i + doti+l) about &/+1//, retaining only
the linear terms in -6a /+1, and substitute the result into Eq.
(6). To accomplish this, let us write the explicit functional
relationship between the DCM and the Euler angles

/>(«) =

c\l/>c6 s\l/'cO -sO

c\l/-sO'S<t>
—s\t/-c<j>

c\l/-s6-C(t> s\l/'sO-C(t> cB-c<j>
+ S\l/'S(f) — C\I/'S<f>

(7)

where c and s denote the cosine and sine functions, respec-
tively. Now,

«/+!//

dp dp
"i+l/i

(8)

Using Eq. (7), we obtain the three derivatives of Z) with respect
to the Euler angles as follows:

-s\l/-c6

-c\l/,-c<f>

-s\l/-s6'C(t)

c\l/-cO 0

0

(9a)

BP I
dB |«/+1//

:

(9b)

dD

0

c\l/'sO'C<l)

s\l/-cO'C</> -sB-

0 0

—C\l/-C<t)

(9c)

With the above definition of Ajy j= 1,2,3, we can write Eq. (8)
as

(10)

which, when substituted into Eq. (6), yields

v / + 1= LD(a / + 1 / /)+ ^Aj-dajfi+1 \(ui+i-nUfiL . y-i. J
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Neglecting the products of da/and nM j/+ 1 , which are both
small, we obtain

(11)
Define the observation matrix Hi+l/i by its columns as
follows:

where

hj=AjUi+l j '=1,2,3

Also, define the following noise vector

v,i

and the observation vector

*/+ i=v/+ i -£>(a

then Eq. (11) can be written as

(12a)

(12b)

(12c)

(12d)

(13)

Note that ni+1, defined in Eq. (12c), is a zero mean white noise
vector whose covariance matrix Ri+l can be computed as
follows:

(14)

Now ei+l is data which we obtain when we process the
measurements ui+l and v /+1, using Eqs. (7) and (12d). Since
/i/+1 is zero mean white noise with known covariance, the
linear relationship between ei+1 and Sot, expressed in Eq. (13),
enables us to estimate the difference dot between ai+l/if our
current estimate of a, and its true value. We distinguish be-
tween two cases, a static one and a dynamic one.

Static Case
When the vehicle is not rotating with respect to the reference

system, a is constant and by successive measurements and
estimation we can have'a/ approach a using the following
algorithm:

Between Measurements
(15a)

d?b)

Across Measurements

F// l

(15d)

(150

Note that here, unlike in the ordinary extended Kalman filter,
before computing Pi+ l/i+!, H and R are recomputed using the

STEP NUMBER

Fig. 1 Behavior of the convergence index in the static case. The
broken line shows // +1 (1) and the solid line shows // +1.

latest estimate of a. It was empirically found that this yields a
faster converging algorithm.

Dynamic Case
When the orientation is changing and we measure the

angular rate at which the body coordinates rotate with respect
to the reference system, we can solve the following differential
equations to obtain a, provided the initial value of a is known
and co, the angular rate vector, is measured precisely.

cos0)

= cox + tan0 (

(16a)

(16b)

( 1 6c)

where cox, co^, and coz denote the three components of co when
resolved in the body axes. Since we do not know the initial
value of a precisely, and co is not measured perfectly, Eqs. (16)
do not yield the correct value of a. However, we can use the
vector observations in order to estimate a. Another way of
looking at it is to consider the dynamic case as an extension of
the static case in the sense that the knowledge of the dynamics
of a, which are given in Eqs. (16), enables us to relate past
estimates of a to the present estimate and thereby utilize past
measurements to obtain a better estimate at the present stage,
rather than obtain an estimate which is based only on the pres-
ent measurement.

The problem of estimating the direction cosine matrix and
the quaternion from vector observations, which was solved in
the past,7'10'11 dealt with a nonlinear relationship between the
observed and the estimated quantities, but, on the other hand,
the dynamics were linear. Here, the measurement, as well as
the dynamics equations, is nonlinear, as can be seen in Eqs.
(6), (7), and (16). The dynamics equations can be expressed in
the following general form:

a=/(of,co) (17)

In correspondence with the discrete expression given in Eq.
(5), we can write the following continuous relationship be-
tween a, a, and da:

(18)

Also note that co is not measured precisely; thus we actually
obtain an approximate value co, which is related to co through

(19)
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where 6co is the measurement noise of «. For simplicity, this
noise is assumed to be zero mean and white, where

-T)T] = Qd(t-r) (20)

and Q is known. We use this simple model in order to focus
the attention on the estimation algorithm of the Euler angles
themselves with the knowledge that the inclusion of typical
gyro models is straightforward (see Ref. 15, pp. 78-84) and
well known. Using Eqs. (18) and (19), Eq. (17) can be written
as

(21)

In our algorithm we shall propagate a in time according to the
differential equation

&=/(«,«) (22)

Therefore, in the following development of Eq. (21) into a
first order Taylor series,

da
da-

a, a
(23)

the first terms on both sides balance each other such that

*•da *da
da l«,w d<0

Define the matrices F and G as follows:

V IF=-
da

G= —
a, w

then Eq. (24) can be written as

da ~ Fda + Gdu

(24)

(25a)

(25b)

(26)

where, from Eqs. (16) and (25),

F=

te0 *r(

—j~

JL_
~cO—(wy-c<l>-wz'S<l))

0 — cQ
C0

c0

-1

(27a)

(27b)

and where £ denotes the tangent function. Having expressed
the dynamics of da in a linear form, where F and G are com-
putable, the algorithm for the dynamic case follows im-
mediately. In fact, only two changes have to be made in the
algorithm of the static case given in Eq. (15) to be able to ac-
commodate the dynamic case as well; namely, the algorithm

for propagating a and P between measurements [Eqs. (15a)
and (15b)] has to be changed into

t x ( t ) = f [ a ( t ) , u ( t ) ] (28a)

P(t)=F[a(t)Mt)]P(t)+P(t)Fla(t),G>(t)]T

+ G[a(t)]QQ[a(t)]T (28b)

The last two differential equations have to be solved from time
tf to ti+l9 starting with the initial conditions a(tt) = «/// and
p(/ /)=p. /^ TI^ values of a and P at ti+l are denoted by
ai+ 1X/ and P/+17/, respectively.

Equation (28b) can be solved in a discrete form as follows:

p.+ 1/f = $/p//|.$7' + GiQiGj (29)

where $, is the transition matrix of 7% and G/Q/Gf is obtained
from the discretization of the GQGT matrix.15 The latter is not
that simple to compute; however, an exact value for G/Q/Gf is
not required since, even when great care is taken in computing
this term, tuning is usually needed to obtain the best con-
vergence characteristics of the filter,16 and tuning rquires an
empirical adjustment of this matrix (see Sec. IV).

IV. Monte-Carlo Simulations
In order to evaluate the performance of the estimator, we

define a convergence index as follows:

)] (30)

where A+i/i+i ' = ̂ (a/+i / /+i)» and A+i =D(ti+l). Since the
estimate ai+l/i+l is a random variable, one sample run does
not adequately express the results. Therefore, we calculate and
present a sample average of Ji+l over 100 runs. The sample
average Ji+l is defined and evaluated as follows:

1 100
(31)

Three cases of Monte-Carlo simulations were run: a static
case, a dynamic case, and a singular case. All three cases
started with the same initial orientation defined by OQ =
[ 10, 20, and 30 deg]; however, the initial estimate a0 was zero
in all cases. This large difference between the actual Euler
angles and their corresponding estimates was chosen in order
to demonstrate the robustness of the algorithm to large initial
estimation errors. The standard deviation of all the com-
ponents of the measurement noise nu and nv corresponded to
an angular error of 100 arc sec. Figure 1 presents simulation
results for the static case. The broken line shows the time

M^44
2̂00.

TIME (SEC)

Fig. 2 Behavior of the convergence index in the dynamic case with
tuning. The broken line shows //+i(l) and the solid line shows /.
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x. 0. 100

TIME (SEC)

Fig. 3 Co variance change as a result of tuning. The solid line shows
the root of the trace of the P matrix before tuning and the broken line
shows it after tuning.

§ o. s

1 i L. n . I
0 100. 200. 300. 400.

TIME (SEC)

Fig. 4 Behavior of the convergence index in the singular case. The
broken line shows //+ i(l) and the solid line shows //+1. The peaks oc-
cur at the singularities.

behavior of the convergence index //+i(l) for the first sample
run, and the solid line shows the behavior of Ji+l, the aver-
aged convergence index. The dynamic case was run with the
angular velocity vector <*>r= [10., 2., 2.] deg/s. We assume
that the gyros that measure w produce an additive error, which
is characterized as white noise whose spectral density is 0.01
deg/h372 for each gyro. The time interval between time up-
dates was 0.05 s, and the time between measurements was 1 s.
The results of this run are shown in Fig. 2, where, again, the
broken line shows the convergence index J/+1(l) and the solid
line shows Ji+l. In this estimator, tuning was required since
Ji+i reached a minimum and then started a slow divergence
without tuning. This phenomenon is well known. It occurs
when the filter model does not exactly match the real model
and, in particular, when the driving noise of the real dynamics
model is larger than that used in the filter. Consequently, the
covariance matrix computed by the filter decreases to levels
which are too low. This, in turn, produced too low filter gains
and thus the filter rejects new measurements which are
necessary to check the divergence of the estimation errors. The
tuning action that eliminated this divergence was accom-
plished by bounding the lower values of the diagonal elements
of the a priori covariance matrix P/+1//. This was achieved by
increasing the main diagonal elements of GtQiGj [see Eq.
(29)] whenever the corresponding elements of P/+1// decreased
below their lower bounds. The lower bounds of P/+I// were
selected to be the corresponding values of the main diagonal
elements of P/+I// 7 s from the beginning of the estimation
process. These values were chosen because of the sharp con-
vergence of the estimation errors at that time.

Figure 3 shows the amount of tuning necessary to achieve
the stability demonstrated in Fig. 2. The solid line shows the
square root of the sum of the main diagonal of P before tun-
ing, and the broken line shows that value after tuning. Finally,
several singular cases were also run. To obtain a singular case,
the angular velocity vector was chosen to be w r= [5.,5.,5.]
deg/s. In this case singularity occurs whenever 6 reaches 90
deg, since then cos0 = 0. (Note that singularity occurs when all
three components of o> are equal and enough time elapses for
the singularity to occur.) This blows up \j/ and 0 in Eqs. (16),
which describe the dynamics of a and a. In addition, as can be
seen in Eq. (27), Fand G blow up too. This singularity can be
overcome by freezing l/cos0 and l/cos0 at the highest accept-
able value determined by the processor. This will slightly
change the nonlinear and linearized dynamics equations;
however, the updates of a, which are based on the vector
measurement, will maintain the accuracy of the estimate,
which may be slightly degraded for a while but will still meet
the required accuracy. Figure 4 shows the results of this run in
terms of 7/+i(l) and J/+1. The highest value l/cos0 took in
these runs was about 100. Note that at the singularity Jhere is
an ambiguity in \[/ and <£. The ambiguity means that \j/ and 0

describe, together with 0, the correct orientation, although $
and 0 are not respectively equal to \l/ and </>.

Finally, note that while the DCM has to satisfy the or-
thogonality condition and the quaternion has to satisfy the
normality condition, Euler angles are not restricted by a
similar constraint. Therefore, while the orthogonality prop-
erty of the DCM was used to improve the convergence of the
algorithm for estimating the DCM directly from vector
measurements7 and the normality property was used to im-
prove the estimation of the quaternion,10 no such property can
be used here to speed up the convergence of the Euler angle
estimator.

V. Conclusions
This paper developed an algorithm for estimating Euler

angles that describes the attitude between two coordinate
systems. The information supplied to the estimator is a se-
quence of measured components of vectors. Added to the
recently published algorithms for estimating the direction
cosine matrices (DCM) and the quaternion, this algorithm
completes the set of recursive minimum variance algorithms
for computing the three common forms of expressing attitude.
While the latter was the main objective of this work, it should
be remembered that in many cases the vehicle is not an all-
attitude vehicle and its steering commands are explicit func-
tions of the Euler angles of the vehicle; thus the use of Euler
angles in those cases is advantageous. The choice of
parameters to describe the attitude of the vehicle practically
dictates the choice of parameters to be used if an estimator is
added to the system in order to estimate the attitude from vec-
tor measurement. This is so because the estimator needs to
compute certain matrices whose entries are readily available if
it uses the same parameters that are used in the normal and
continuous computation of the attitude from the gyro
measurement. This is evident from Eqs. (9) and (27).

While the problem of estimating the DCM and the quater-
nion from vector measurements involves nonlinear
measurements but linear dynamics, the estimation of the Euler
angles involves both nonlinear measurements and nonlinear
dynamics. The nonlinear equations were linearized and an ex-
tended Kalman filter-like algorithm was developed. It was
found that if the linearized measurement matrix and the
measurement noise covariance matrix were updated before
their use in updating the estimation error covariance matrix,
the algorithm exhibited better convergence properties and
reached steady state in half the time. It was also found that
tuning was required to assure convergence when the Euler
angles varied in time. Although not designed for all-attitude
vehicles, it was found and shown that with the aid of vector
measurements, Euler angles can be used for all-attitude
vehicles. Monte-Carlo simulation results that demonstrated
the effectiveness of the algorithm were presented.
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